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A METHOD OF DYNAMIC PROGRAMMING AND ITS APPLICATION [Lek
TO OPTIMIZATION PROBLEMS OF FLIGHT MECHANTIGCS

W.Schulz and H,-K.Schulze*

Discussion of Bellman'!s method of programming and its appli-
cability to the numerical solution of optimization problems
of flight mechanics, The applicability of the method is il-
lustrated on two practical examples - i.e., optimization of
the payload ratio of a multistage rocket and determination
of brachistochronic flight paths., Some results of computer
calculations are discussed.

Summary Zg

The method of dynamic programming, based on the optimization principle es-—
tablished by R.Bellman, is suilable for the treatment of optimization problems
in which - for example, due to the existence of secondary conditions in the
form of inequalities - the prerequisites for solution with the classical in-
direct methed of the calculus of variations are not met. On hand of examples of
optimization of a multistage rocket and determination of brachistochronic flight
paths, practical application of the method of dynamic programming is described.
Practical experience with the computational procedure and problems of accuracy
are discussed in some detail,
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1. Introduction /3

The purpose of this paper, discussing the method of dynamic programming and
its application to optimization problems in flight mechanics, is not so much to
report novel flight-mechanics data but rather to give a general survey over the
applicability of a method which had been developed specifically for the numeri-

* German Aeronautics and Space Research Organization, Institute for Flight
Mechanics, Braunschweig.

3 Numbers given in the margin indicate pagination in the original foreign text.
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cal solution of optimization problems. This method, which carries the name of
"dynamic programming" was developed by the American mathematician Richard Bell-
man who was involved in this program ever since the beginning of the Fifties
and applied it, together with coworkers at the Rand Corp., to numerous problems
in widely differing fields of industrial research, national economics, and
general engineering., The data obtained in these investigations were published
not only in a large number of individual papers but also in two books. The book
by Bellman "Dynamic Programming" published in 1957 (Ref.l) contains the theo-
retical principles; for various types of optimization problems, the formulation
is given as a dynamic programming problem with a description of the method of
solution, Since the method is intended primarily for handling optimization
problems by numerical treatment with the use of a digital computer, the book
"Applied Dynamic Programming" published by Bellman in cooperation with Dreyfus
(Ref.2) is mainly concerned with computational viewpoints under treatment of
practical examples, constantly emphasizing the limits still frequently encoun-
tered in practical execution of the computations, An excellent survey over the
method is contained in an article by Dreyfus, in the Collective Works "Progress
in Operations Research" published by R.L.Ackoff (Ref.3)., The method of dynamic
programuing presupposes that the problem to be solved can be brought to the
form of a multistage decision process, Therefore, we will first discuss the
necessary conceptual aspects and then formulate the so-called optimality prin-
ciple by Bellman, which forms the basis for practical application of the method.

The fields in which the method of dynamic programming can be applied in-
clude also optimization problems of rocket technology and problems in flight-
path optimization., Two simple examples of this type will be used for explaining
the method in some detail.

The problem of selecting the masses for the stages of a multistage yan
rocket, which is to reach a prescribed burnout velocity, in such a manner that
the liftoff mass of the rocket will remain as small as possible, was specifi-
cally treated by Ten Dyke (Ref.l) under application of the method of dynamic
programming [see also others (Ref.l, p.lL5, Problem 55; Ref.2, pp.227-228).

Problems of flight-path optimization such as the determination of the op-
timal climb technique of a given aircraft and of optimal satellite trajectories
were treated in several papers by Bellman and coworkers (Ref.5, 6, 7). In addi-
tion, Bellman published a summary report on the determination of optimal tra-
jectories via dynamic programming, in the book by G.Leitmann "Optimization
Techniques with Application to Aerospace Systems" (Ref.8). Several papers in
this field have also been published in Germany within the past two years. 1In a
Darmstadt thesis, J.Spintzyk (Ref.9) investigated optimal time-to—turn and
overtake maneuvers of supersonic aircraft, under application of the method of
dynamic programming; H.Friedel and K,Stopfkuchen at the Dornier Co. (Ref.10)
applied the method to calculating time-optimal transition flights of VIOL air-
craft,

In the last portion of the paper, we will report on computational experi-
ence gained on the Siemens 2002 digital computer of the DFL in Braunschweig, To
define the basic problems, we selected simple examples that are not burdened
with the extensive computational apparatus inherent to flight-mechanics problems
but are of interest mainly from the mathematical viewpoint.

2



1

2. Basic Concepts: Principle of Optimality

The method of dynamic programming is used for determining the optimal pro-
cedure in multistage decision processes. In a more general formulation, this
means: A system is to be transferred from an initial state, over a number of
steps, into a final state in such a manner that this transfer is optimal in a
sense to be defined more accurately in each individual case. The initial state
is conceived as represented by a point in a plane (point farthest to the left in
Fig.1l). Let us now assume a number of possibilities for reaching new states
from the initial point. The transition from the initial state to a new state
requires a "decision". The totality of the states that can be reached from /5
the initial state via the possible decisions represents the first stage of the
process. From each of the states in the first stage, the states of the second
stage are reached by a possible decision, and so on, After N steps, the sought
final stage should be reached. This results in a plotting of the type shown in
Fig,l1.

A sequence of decisions, leading from the initial to the final state, is
known as a "plan". Of all possible plans, that type is sought which will have
a desired optimum property. This is then called the "optimal plan".

At the head of his considerations, Bellman placed the following principle:

Bellman's Optimality Principle

An optimal plan for the decisions has the property that, independent of the
type of initial decision and of the type of state present, the remaining deci-
sions again form an optimal plan with respect to the state obtained from the
first decision,

This principle can be more or less considered an axiom since it seems
reasonably inconceivable that it should not be valid., TFor example, if one
imagines, in a given problem in which the expenditure (expenditure of time or
cost) is to be reduced to a minimum, the corresponding expenditure as being de-
termined for each decision, then the expenditure from any intermediate state to
the final "state must not be greater for the optimal plan than for any other plan
which leads from the intermediate state to the final state.

This principle corresponds exactly to the property of the brachistochrone
which had furnished the incentive for development of the calculus of variations
by the brothers Bernoulli, The brachistochrone has the property of represent-
ing the trajectory between an initial point A and an end point E in a vertical
plane on which a certain mass point, under the effect of gravity, travels from
A to E in a shorter time than by any other path. In addition, the brachisto- /6
chrone has the property, for each intermediate point, that it represents the
curve of steepest descent from there to the end point E,

In Fig.l, only a single initial and a single end state are assumed, There
is no objection to permit an arbitrary number of states for the zero stage and
for the N-th stage. In the language of the calculus of variations, one then has
no longer to do with point—point problems but with initial boundary-point,
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point-final boundary, or initial boundary-final boundary problems,

It might happen that, from some state of one stage, the decision possi-
bilities to all states of the next stage are available. However, also the other
extreme is conceivable, namely that, starting from each state, one can choose
only between two decisions or has only a single possibility of reaching a state
of the next stage.

The point of importance for computational application is the fact that the
process under consideration consists of a finite number of stages and that, in
each case, only a finite number of states is present. Therefore, the method is
intended for problems in which the variables assume only discrete values,

However, the method is also directly applicable to continuous problems if
these are discretized. Such a procedure is nothing unusual in mathematics, We
merely need recall the methods for numerical solution of differential equations
in which these are replaced by difference equations, Problems raised in the
transition from continuous variables to discrete values, including questions of
accuracy, etc., will be discussed later. This transition permits treatment of
problems of the calculus of variations, which naturally include flight-path op-
timizations, using the method of dynamic programming.

3. Optimization of Payload Ratios in a Multistage Rocket

As a typical example for the practical application of the method of dynamic
programming, let us analyze an optimization problem from rocket technology. /7
Let us consider an N-stage rocket, Figure 2 contains the notations for the
masses of the stages and of the entire rocket on ignition and on burnout of the
individual stages. Here, M is the mass of one stage and m is the mass of the
total rocket. The superscript gives the number of the stage while the subscript
0 indicates the instant of ignition of a given stage, with the subscript bo de-
noting the instant of burnout.

The payload of the k-th stage constitutes the remainder of the rocket car-

1
ried by this particular stage, i.e., mgk+ ). The actual payload mass can thus
be denoted by‘nér+1). The quotient
K _ (k1) w)
N o= my, [ my (k=1,2,...,N) (3.1)

is called the "payload ratio" of the k-th stage., The product of all paylgae

1
ratios yields the ratio of the actual payload néN+1)to the 1liftoff mass m, "¢

) 1Y
' @ g mgZ ms  md"? _ my” (3.2)
mz’) m;z’ m;ﬂ) m;" .

The "structure factor" of the k-th stage is the ratio of its mass on burnout
and on ignitions



(x) (
My’ | 17 (3.3)

Since
IK) ", miKtD
=M+ m, (3.4)
is valid, we can also write
(k) x) (n) (K+1)
£ =m " [ (m = my 7). (3.5)

Let us next consider the flight of an N-stage rocket in drag-free and gravity-
free space., As soon as one stage has burnt out, it separates from the rest of
the rocket at the instant of burnout. Simultaneously, the next stage is ig-
nited so that the values for the time and velocity on ignition of a given /8
stage coincide with the burnout values for the time and velocity of the preced-
ing stage:

0 o gl Vb;x-n (k =2,...,N). (3.6)

Let the(exhaust velocity of the combustion gases, for the k-th stage, have the
value c .

The question here ig: If tPe structure factors e(l) el? seey ‘") and

the exhaust velocities c(l), 2 s eeey C V) as well as the ratlo of payload to

1liftoff mass

mg”"/ m = a” (3.7)

are given, how does the payload ratio 'ﬂ(l) , 'ﬂ(z) s wess T](N) have to be selected
to have the burnout rate of the last stage become a maximum?

Using the fundamental equation of rocket technique, the velocity increment

from ignition to burnout can be calculated for each stage; by summation, the
velocity at burnout of the N-th stage will then be obtained as

V(II) LH)(7ZM))+ L(Z)(,'Z(Z))+ - L(N)(’Il‘ﬂ)) (3.8)
with
I_(k)/’fl“ﬁ)=C'”O|(f7[£m);‘(7—€m,)72‘m] l (K=4,2,...,N). (3.9)

Accordingly, one has to define at what selection of ﬂ(l), ﬂ(e), cesy 1) the
function

f("l (43 ”:a) “’,,Zm) - Z” L""(oz”") (3.10)
K=1



becomes a maximum, in which case the auxiliary condition exists that - accord-
ing to egs.(3.2) and (3.7) - the product of the payload factors has the pre-
scribed value a¥:

1) ,_12) (W) »*
7T n ... =a’. (3.11)
The sought maximum is a function of N and a¥*: /9
N
*) _ 15y, (K)
/;(a.)-M‘iz)r[ZL ()], (3.12)
(M) ke
in which case the variables ﬂ(k) are located in the interwval
(K)
0 =M=y (Kk=12,...,N) (3.13)

and are subject to the auxiliary condition (3.11).

Instead of the special given value a¥, let us now consider, in a general
manner, the function Fy(a) for an arbitrary a which, just as a¥, is subject to
the condition

0 5fasf, (3.14)

For Fy(a) a recursive formula is to be established. For N = 1, we have

Fla) = M L") = L")
1@ ,,Zmil: K a) (3.15)

Then, seeking for the maximum (3.12) is conceived as an N-stage decision pro-
cess, Let us imagine the first N-1 decisions as already being taken, so that
the last step must be made. For the first N-1 variables ﬂ(k) the following is
valid:

(N () -0 _ @
no1 n 7 (3.16)

From the initial state to the state after N-1 decisions, an optimal path had to
be used in which case the relation (3.16) as au:ullary condltlon had to be /10
satisfied. The solution for thls reads K- l(a/ﬂ(") To this must be added, as
the final step, the summand L") (7¢ N) from which it follows that

F,(a) = Max {L‘”’(vz'”’)+ Fy,( "Za;”’ )}.

(N)

(3.17)

In general, the following is valid for each k = 2, ..., N:
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i
i

_ (k) a
fl@) = Max [L®m) + F,_ (?)}.

asnsy 1 (3.18)

Under consideration of egq.(3.15), the formula (3.18) offers a possibility of re-
cursively calculating the values F.(a) for k =1, 2, ..., N. By means of the
functional equation (3.18), the problem has been made accessible to handling on
a digital computer. The fact that, in this case, a number of problems may occur
in the practical solution will be further discussed in Section 5.

According to eq.(3.18), the maximum of the function

win) = L™(q) + Frs (-,?L’—) (3.19)

must be, sought in the interval a < T < 1. Since, in the case under considera-
tion, ¥ (M) because of eq.(3.9) is known in analytic form, the maximum can
be obtained from the condition ¢’(T) = O provided that the solution obtained
from this condition is located in the prescribed interval., However, this need
not necessarily be the case. Then, the function (3.19) assumes its maximum
value along the boundary of the intervals which means that, at given values for
the exhaust velocities and the structure factors, maximum burnout velocity is
reached with a rocket of less than N stages,

In contrast to the problem discussed here, the maximum can generally not /11
be determined by analytical means and, possibly, may require extensive numerical
calculations on a digital computer., We will return to this particular problem
in Section 5.

Lo Optimum Climb of an Aircraft

A given aircraft, flying at a speed Vo at an altitude he, is to be brought,
in a climb, to an altitude h, > ho and to a speed of V. > Vo in the shortest
possible time. The thrust S and the aerodynamic drag W must depend only on the
altitude h and the speed V and must be known functions of these variables. The
variation in aerodynamic drag with the angle of attack and the influence of
weight reduction due to fuel consumption will be disregarded here., For the path
inclination angle vy, the values O < ¥ < VYyax < 90° will be admitted. The goal
is to establish the optimal climb program and to calculate the required time of
flight.

Here, the following equations of motion are valid:

mV=35§-W-mgsiny, (4.1)

h =Vsing (4.2)

with the boundary conditions at the time t = O



V(0)=Va , h(0)=h0 (L.3)
and, at the unknown time t.,
VL) =V, , hit)=h,, (1)
and, in addition, it is assumed that
tg= Min. (h.5)
To obtain the functional equation, permitting an application of the /12

method of dynamic programming, we will decompose the velocity interval from Vo
to V, into partial intervals of a size AV and the altitude range from ho to h,
into subsegments of a size Ah., From the differential equations (4.1) and (4.2),
the relations between AV, Ah and the time interval At are obtained:

B = (2= gsing) bt

(4.6)
Ah= Vsiny 4t (4.7)

A (O -W g
AV =( mVsing " )Oh . (4.8)

As independent variable, the altitude increment Ah can be selected for a
path segment with v > O while, for a horigzontal segment along which the speed of
the aircraft is increased, the velocity increment AV can be used, Path seg-
ments at constant altitude and constant speed are of no interest for our con-
sideration. In addition, no basic difficulties are produced by admitting also
path segments with dives at which the angle of inclination becomes negative and
the speed is increased under loss of altitude,

Let the minimum time required by the aircraft to pass from the state h, V
to the final state h,, V, be f(H, V).

The time required for climbing from the state h, V under the angle y by an
amount Ah, is denoted by t(h, V, v, Ah) respectively by t(h, V, v, AV), depend—
ing on whether Ah or AV constitutes the independent variable.

On the basis of Bellman's optimality principle, the equation

f(hV) = Min [t(hV,y,0h)+F(h+Ah V+AV)]
051 ¥ ¥may (4.9)

respectively

fth,V) = Min [t(hV, r,AV)+f(h+bhV +AV))
0Ty, (4.10)



is obtained. Here, the second summand on the right-~hand sides represents the /13
minimum time required for passing from the state h + Ah, V + AV to the final
state h,, Ve. In eq.(4.9), AV - in accordance with eq.(4.8) - must be expressed
by Ah while, in eq.(L4.10), Ah must be expressed by AV,

For the first summand on the right-hand side of eq.(4.9), we have

t(hV,y Ah) = _4Ab

Vsing (£.11)
and, in the case of eq.(4.10), accordingly
_ AV
o -gsing

Equations (4.9) and (4.10) represent the recursive formulas for application of
the method of dynamic programming. After assuming a fixed value for Ah resp. AV
one starts with the final state h,, V., for which

Frhy V) = 0. (4.13)

For the values h,, Vo the thrust and drag are calculated, which are then taken
as constant for the next step. After this, a sequence of values Vi, Yz, «eey Vi
are selected for the path inclination angle vy, calculating the right-hand sides
of eq.(4.9) resp. (4.10) for this sequence and thus obtaining the times t,,

to, ees, ty for the i states of the (n — 1)-th stage. From egs.(4.6) resp.
(4.7), the corresponding velocity resp. altitude is obtained in each case., De-
termination of the minimum of the calculated values will then furnish the value
f(h, V). In this manner, it is possible to pass from each state of a given
stage to the states of the preceding stage.

5. Remarks on Computational Handling of the Method

The method of dynamic programming, because of the enormous computational
effort, can generally not be applied without the use of electronic computers.
Consequently, the above statements will be supplemented from the computational
viewpoint, in which case we will restrict our discussion of the examples to the
previously treated problem of the payload ratio of a multistage rocket as well
as to a few problems of the calculus of variations. On hand of these ex- yARN
amples, the computational handling of the dynamic programming and the diffi-
culties and problems occurring in this particular computational method will be
demonstrated.

a) First Example

The method of dynamic programming can be explained on the following ex—
ample:



The function

N ’
R(yla,)y(f’)“'}y/”)) = Z f(y{'f,' y“(‘f’) (5.1)

k=1

dependent on the N + 1 variables y‘o), y‘l), ooy y‘N) with the boundary condi-
tions

y = yP ’ y = ya (5.2)

is to be minimized by suitable choice of(t e variables y‘k)(k =1, vee, N ~1).
Here, we make the restriction that the y' ¥’ variables can assume only certain

discrete values y; K,

The calculation can proceed stepwise as an N-stage process. We have

(1)
Fly) = Fly7y,), (5.3)

Fy) = Mi .(I() !K-1) _
= () (yj‘/:”)[frx Y )+/';_1(yj)} (K=2,...,N. (5.4)

The graphic representation of an optimization plan (Fig.3) indicates the calcu-
lation procedure. The calculation, according to egs.(5.3) and (5.4), consists
of two parts,

a) Calculation of the initial columm: For each . (1) of the first stage,
the corresponding value Fy (y; ) is calculated accordlng to eq.(5.3)
and then stored,

b) Extremization sequence (considering only the k-th stage): For each
yfk) of the k-th stage, in accordance with eq.(5.4), that y ¥=1) of
the (k ~ 1)-th stage is sought which mlnlmlzes the contents of the
brace in eq.(5.4). The obtained value yhk 1) and the function value
Fy (y: ) are stored in the memory.

If the extremization sequence is continued to the N-th stage, exactly /15
one line segment will be obtained for each state yﬁ M) of the N-th stage, rela-
tive to the prescribed final state y ©) = ¥qe

Thus, extremization of the N-th stage has yielded a result going beyond the
required problem formulation, i.e., without excessive additional computational
effort a special boundary-point problem has been solved instead of a point-point
problem, In numerous practical cases, such a supplementary effort is well
worth it.
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b) Memory Requirement and Gomputation Time

In calculating the y{??l) of the (k — 1)-th stage and the F(y;) of the

k~th stage, in accordance with eq.(5.)) only the FK_,(y; ) of the (k - 1)-th
stage but not the function values of the preceding stages were required,

On denoting the maximum number of possible states per stage by h, it is
sufficient to reserve 2h memory registers for the functional values,

If exactly h states are permitted in each stage, the following will apply
for the simple example treated here:

Nurmber of memory locations for data = (N+1)h;
(N-1)h® + n,

If such a problem depends not only on one but on n variables which all can as-
sume h states in each stage, then the following rule of thuwb applies:

Calculating time, approximately proportional to

Nunber of memory locations for data = (N+1)h",

(N-1)h®® + n®,
The difficulties arising from these rules of thumb will be discussed later
in the text.

Calculating time, approximately proportional to

c) Second Example

The programming technology of a given problem, by means of dynamic program-

ming, will be explained on the example of calculating the payload ratios for ob-
taining as high as possible a burnout velocity in an N-stage rocket.

46
According to the statements in Section 3, this optimization problem
N
l';(a*) = Maxr IZ L"”(Q“())} (5.5)
g -a* * ket .
can be written in the form of an N-stage process
_ 1)
F;(a) = L'"(a) P (5.6)
_ (k) a
Fla) = Max {L (nm;,(%_)} (k=2,3,..,N) |
d§a5151

and thus solved by means of dynamic programming.
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In each stage of the optimization process, only a limited number of states
can be permitted, i.e., a, T, and a/l| can assume only a limited number of dis~
crete values,

Introducing the variation interval & and selecting & in such a manner that
the expressions 1/8 = h and (if at all possible) also a*/8 are integers, we will
assume that a and T, from here on, can take only the values i with i = 1,

2, +es, he In the problem under discussion, it is preferable to select § in
the order of magnitude 0,002 - 0,01.

If a = 18 and y = j8, the above quotient a/Tl = 1/j will generally be a
muiltiple of 8, For this reason, it is preferable to select the value closest
to a/Ml from the permissible data reserve, using the formula

% ~ d - integer (i/jd* 1/2))

where integer x denotes the maximum whole number smaller than or equal to x., /17
This completely discretizes the problem., In addition, the three variables
(stage, state, decision) occur as subscripts (k, i, j) and thus permit a con-
venient computational data processing.

If one uses the following expression, in analogy to the conventional index-
ing of matrices with the use of the ALGOL notation:

F(id)= FLi, k)

and with the use of the Zuse "yields" sign, then the machine-sensible indexed
form of the problem will be obtained:

LNid) = FLi, 1], (5.8)

Max [ L™ &) + F [integer  (i/jd+ 4/?_),;(-1]} - F[i, k]
i3S h

(K=2,...,N,’ I'=1)...,/7). (5.9)

The course of the extremization calculation (initial column and extremiza-—
tion sequence) is shown in the flow chart (Fig.L). [In the flow chart, the
contents of the trapezoids above a given box have the meaning of an execution
instruction., For example, k = 2(1)N means: Execute the contents of the box
continuously for all k of k = 2, with an interval of 1 to k = N, ]

The calculations for this problem were performed on the Siemens 2002 dig-—
ital computer of the DFL with an ALGOL (algorithmic language) program. The com-—
putation time until establishment of optimal programming for 8§ = 1/100 and N = 3

was about 9 min,
12



In view of the discretization, it is obvious that a certain error must be
tolerated, For a* = 1/100, this error - constituting the deviation of the
product of the calculated N from the prescribed value a¥* — was between 10 and
15% while, for a* = 1/10, it was between 2 and 5%. The possibilities for re-
ducing this excessive and impermissible error will be discussed later in the
te-}Ctl.

d) Third Example /18

The difficulties produced by discretization are even more pronounced in
problems of the calculus of variations. In the simplest case, the problem
formulation in the calculus of vari-
ations reads as follows:

Y
4 The integral
L Q% ya)
— | ¢ Tly) = J' flx,y y')dr (5.10)
Vﬂ P (Xp; Yp)
PO (%31 is to be minimized by suitable se-
lection of a continuous function
y(x).
e & X
X X+4 Xa Disregarding at first the left-

hand boundary value P(Xp; yp), one
selects an initial value y at an arbitrary point x of the interval <X,, Xq >
(again arbitrary) and then seeks the extremal via the right-hand boundary value
Q. Since x and y are arbitrary, a field of extremals with a field function
described by

a
Fley)= ff(x, y,y')dx
;y)

(5.11)

is obtained. To obtain an argument permitting an analytic description and a
computational treatment, it is necessary to consider a second point x + A.

Based on the Bernoulli-Fuler concept that a randomly selected segment of the ex—
tremals must also have extremal properties, the field function F(x, y) can be
expressed as follows: /19

LY

Flry)= Min {ff(*',)’.y')df +F(xrA,y(r+A))}- (5.12)
»3ySna »

This Bellman argument can be utilized in two different manners:



If the boundary transition A = O is performed analytically, the following
well-known relations of the calculus of variations are obtained after a few
transformations:

the Euler differential equation; the Weierstrass and Legendre condi-
tions;
the Erdmann corner condition; and the transversatility condition.

For the computational treatment, we must be content with the selection of
a finite A, If, at given A, the number of stages N is chosen such that the ab-
scissa distance from the zero stage to the first stage is not smaller than A but
smaller than 2A and if, again, the variation interval & is introduced, and using
the argument

Stage: ™ = X, t (N-K)A , (5.13)
State: v =yt id, (5.14)
Decision: y}K'” =Yt JJ (5.15)

then we obtain the discretized and indexed instructions

(xa; va)
[ Foryyior = FLi, 1], (5.16)
("} y,¢id) /20
(e yosjd)
Min J'f(x,y,y')d” .,F[j,k-4]} - F [i,k]. (5.17)
YTy i)

The course of the computation corresponds to that of the above problem.

We computed a number of point-point respectively boundary-point problems
with ALGOL programs on the Siemens 2002 computer.

Fiﬁure 5 shows the extremal field y = y(x, Q) of the "brachistochrone
problem

124;12)
\/ '
T= Min Y1+y'® dx with  v{y) =y (5.18)
(y viy)
(3;y)

in the search zone 8.4 £ y < 15.9, with the abscissa interval of A = 1 and the
variation interval of & = 0.3. The integrations were carried out with the
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trapezoidal method, The computation time was 1) min, This extremal field dis-
tinctly proves that, from each point on the left-hand boundary, a unique path
leads to the end point Q.

Figure 6 shows three extremals of the same problem but calculated with

.. differing A and 8, The exact extremals
‘yllhl are given as solid lines, while the cal-
culated points are indicated by circles

which, for the extremals Nos.2 and 3,
are intercormected by broken lines, The
) Elx,y.) extremal No,2 is identical with the ex-

4’e tremals shown as heavy lines in Fig.5.

dy The difference in absolute amount
(exact y-value minus calculated y-value)
A{qul[ O in these examples is always smaller
—_— than one variation interval 8. The
Ax ratio of the calculating times agrees
k-1 well with the above-indicated rule of
thumb., It is obvious that the improve-
X k ment in accuracy results in a consider-
able increase in calculating time.

e) Integration Method

In the variational problems considered here, the following integration
methods were investigated for calculating the integrals over the segments of the
fields:

Trapezoidal Method: /21

E
[fory,ydx

h (5.19)

v f(x, v)ar.

1Ym )

Here, v = Ay/Ax.

Simpson Method:

E
ff(r,y,y')dx ~ [f(ra,ya,v)+4f(rm,ym,v)+ f(r,,ye,v)]%- (5.20)
A

Linear Bxact Integration:
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£

E
ff("'i)'; y')dx =ff(r, Yat{x-xdv,vldy = Flx, Yo )-Flxy,y,). (5.21)
A A

This method, however, can be applied only to functions that can be exactly inte-
grated by means of the linear argument

Yy = ya + (A“—X"Q)V (5.22)

Of these three methods, the trapezoidal method generally requires the least
computational effort but is frequently too inaccurate.

In the variational problem

9;1)

: 2
T = Min f (y'+1)2(y-3)% dr
yr . y ) (5.23)
(2;%
whose exact solution is shown in the accompanying sketch, the trapezoidal /22

method fails completely. This is
. clearly indicated when studying the
Yij k-th stage. Not only the exact solu-
* tion but also all straight lines that
intersect the exact solution at the in-
terval center cause the integral to be-
come zero in this stage.

P(2,5)

e mmemma

Conversely, the Simpson method
yielded satisfactory results in this
example even when A and 8 were so
selected that - on the one hand - y

a(9;1)

~

-
S X G- R,

never exactly assumed the value 3 and
& X,k - on the other hand - Ay/Ax never ex-
k k-1 actly assumed the value -1.

o e mammebaccc s qeaa
- -
P Ly (9

In the variational problem

f+1;0)
My 1+y’
A
{-1;0)

which has no solution at the prescribed boundary points, the trapezoidal method
did yield a solution, but an erroneous one.

In the classical brachistochrone problem
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(2%;0)

. ‘{ 1+ y'?
T= 7;){7[ _;L d/\"J (5.25)

(0;0)

which, in 1696, furnished the incentive for development of the calculus of vari-
ations, the Simpson method fails as soon as P and Q come to lie on the abscissa,
The trapezoidal method produces inaccurate solution while the method of linear
exact integration yields a satisfactory solution. The inaccurate solution, /23
when using the trapezoidal method, is dependent mainly on the integration re-
sults in the first and last stage. In these two stages, the integral results

of the trapezoidal method differ from those obtained by linear exact integra-
tion, by a factor of /2,

The Gaussian integration method was not investigated at first since, be-
cause of the calculation with decimals instead of with proper fractions, the
great advantages of this method are canceled,

The question as to the most suitable integration method for a given case
cannot be answered in a general manner, Decisions must be made from case to
case,

f) Miscellaneous Notes

In addition to selecting an integration method adapted to the problem or,
more generally, making a logical selection of the computation method for the
functional, it is of importance to calculate all functional components depending
only on the stage k in the k-cycle and all functional components depending only
on the state i, in the i-cycle. In our examples, this led to a time factor up
to 1/50.

Another important point is the choice of the ratio 8/A. Fully calculated
examples show that, at fixed &, the result T and the path y(x) will worsen at
decreasing A. The ratio should not be greater than 1/10 so as to permit a fine
gradation of y'. A reduction in the ratio to less than 1/100, conversely, leads
to little gain and generally is of no advantage because of the excessive compu-
tational effort.

A decisive point in dynamic programming is a logical delimitation of the
search zone, The selection, respectively the reduction, of the search gzone
must take place only after careful physical and mathematical considerations.
This also offers the possibility of considerably improving the results of the
rocket—-staging problem. However, if the limits are drawn too narrow, erroneous
results may occur, Figure 7 shows three types of errors, in cases in which the
lower 1imit of the search zone was selected too narrow:

(1im) = the calculated extremal runs along the lower limit;
(osc) = the calculated extremal oscillates along the lower limit;
(rel) = the calculated extremal assumes a relative minimum in the zone.
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These three types of extremal falsification were demonstrated by exces- /2
sively narrowing the search zones for the problem shown in Fig.8,

Especially in the case of (rel) is it possible that the calculation leads
to a completely erroneous result, despite considerable refining of 8.

Finally, we should mention a physically meaningless bui computationally in-
teresting variational problem, which was solved by the method of dynamic pro-
gramming, with satisfactory accuracy (see Fig.8).

The solution of the problem

Q

T= rtin [ty 02 (y -sine ) dx (5.26)
P

can be given in a closed form whenever the extremal can be piecewise continu-
ously composed of straight-line segments with a slope of -1 in the x-direction
and of segments of the sine curve, This holds for the extremal No.l.

The above-mentioned diminution of the search zone was applied to three ex-—
amples. Too narrow a selection of the limits for the search zone led to the
mentioned extremal falsifications.

Finally, it should be noted that the optimization method "dynamic program-
ming"” has been successfully used in numerous problems since it is more compre—
hensive than the other known optimization methods, On the other hand, its
limits are clearly defined; they are produced primarily by the large memory re-—
quirement and the excessive calculating time,
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Fig,1 Multistage Decision Process.
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“The aeronautical and space activities of the United States shall be
conducted so as to contribute . . . to the expansion of human knowl-
edge of phenomena in the atmosphere and space. The Administration
shall provide for the widest practicable and appropriate dissemination
of informasion concerning its activities and the results thereof.”

—NATIONAL AERONAUTICS AND SPACE ACT OF 1958
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